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Abstract. We develop the viewpoint that °W*, the opposite of the cate- 
gory of VK*-algebras and unital normal *-homomorphisms, is analogous to the 
category of sets and functions. For each pair of W*-algebras M and A/", we 
construct their free exponential A4*'^, which in the context of this analogy 
corresponds to the collection of functions from Af to A4. We also show that 
every unital normal completely positive map M — )■ Af arises naturally from a 
normal state on A^*'^. 



1. Introduction 

We examine the category W* of M^*-algebras and unital normal *-homoniorphisms. 
In particular, we develop the viewpoint that its opposite category °W* is the cat- 
egory of "quantum collections and functions" , up to a canonical equivalence of 
categories. We will generally omit the adjective 'quantum', and refer to these ob- 
jects simply as collections. Not even all "commutative" collections are collections 
in the conventional sense. 

This viewpoint leads us to a pair of operator-theoretic results. Recall that within 
Set, the category of sets and functions, the set of all functions from a set X to a 
set Y is defined up to a canonical bijection by a universal property. We are thusly 
led to the following: 

Theorem 1.1. Let M and Af be W* -algebras. There is a W*-algebra M*^ , and 
a unital normal *-homomorphism e : M ^ M*-'^®N , such that for any other W*- 
algebra TZ, and unital normal *-homomorphism n : M. ^ TZ®M , there is a unique 
unital normal *-homomorphism p : J\A*^ — > TZ such that tt = o e. This free 

exponential W* -algebra M.*^ is unique up to a canonical isomorphism. 

Let's write °M to denote the VF*-algebra M considered as an object of °W*. 
Thus, we imagine that up to a canonical equivalence of categories, is a col- 
lection. In this sense, is the collection of functions from °7V to °A^, and 
°M*^^J\f is the Cartesian product of °M*^ and °J\f. Applying the same nota- 
tion to the morphisms of °W*, we may call °e : °M*^®N °M the evaluation 
function. The notation A^*^ is justified by the fact that A^*^ is the 71- fold free 
power of M. 

We will sometimes think of each W*-algebra as being the algebra of observables 
of some quantum system. Following Kraus |13) . we will then think of each unital 
normal completely positive map M. N as corresponding to a quantum operation 
in the opposite direction. We'll thus be led to view °pW*, the opposite of the cat- 
egory of VF*-algebras and unital normal completely positive maps, as the category 
of quantum systems and quantum operations. 
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We can interpret this model from our central viewpoint by saying that if is 
the PF*-algebra of observables of some quantum system, then °M. is the collection 
of all possible configurations of that quantum system. Every *-homomorphism is 
completely positive, so each morphism of °W* corresponds to a quantum operation; 
as a function, it assigns a configuration of the codomain system to each configuration 
of the domain system. Thus, the morphisms of °W* correspond to deterministic 
quantum operations. 

We give two arguments for the position that, in general, a quantum operation 
is a probabilistic assignment of a final configuration to each initial configuration. 
The first of these arguments begins with the observation that each set is a quantum 
collection via the correspondence X °£°°{X). Given any pair of sets X and Y, 
a morphism X ^ Y in °W* is just a function in the ordinary sense, whereas a 
morphism X Y in °pW* assigns a probability distribution on Y to each element 
of X. The second argument for this position relies on the following operator- 
theoretic result: 

Theorem 1.2. Let A4 and Af be W* -algebras. Let ip : M ^ Af be a unital normal 
completely positive map. There exists a normal state ^jl : M.*-^ ^ £- such that 
Tp = {tMl) o £• 

A normal state : A^*-'^ ^ C is the same thing as a probability distribution 
on the collection of all functions from °M to °M.. Formally, this begs the 

question, but the analogy between states and measures that we've adapted here is 
basic to noncommutative mathematics. The collection °C is a one-point set, so the 
quantum operation °/z : °C ^> °AA*-^ randomly selects a configuration of °J\4*^. 
Thus, any quantum operation °^ in °pW* can be implemented by randomly se- 
lecting a deterministic quantum operation, and then applying it. This statement is 
false in the ordinary sense, as the set of deterministic quantum operations may be 
empty. 

If M. is the direct sum of Mo and Mi, we say that ° Mo and °M\ are subcol- 
lections oi °M. Every collection has a unique maximum subset, and the unique 
maximum subset of °A^*-^ is indeed the set of all functions from to °M. Our 
position is that the collection °M*^ contains other functions from °J\f to °M, 
which cannot be considered individually. Thus, Theorem 11.21 serves to relate the 
paper's central viewpoint to the idea that unital normal completely positive maps 
correspond to probabilistic functions, i.e., to probabilistic quantum operations. 

It's my pleasure to record my gratitude to Sridhar Ramesh and Dmitri Pavlov, 
who have patiently answered my questions about category theory and operator the- 
ory, respectively. I have also been a beneficiary of their activity in the mathematical 
community. This paper would not have been possible without the guidance and 
support of my advisor, Marc RiefFel, whose unwavering encouragement has become 
an invaluable lesson for this young researcher. 

Our reasoning will not require any results beyond the elementary theories of 
categories and operator algebras, because we will prove some results anew. In 
particular, the papers of Guichardet JTI and Dauns [3] examine the category W*, 
but we will reestablish its basic properties without referring to these papers. The 
papers of Tambara [25] and Soltan [22] are other notable predecessors; they con- 
struct analogous exponential spaces, but both assume finite-dimensionality. I thank 
Alexandra Chirvasitu for pointing these papers out to me, and apologize to those 
authors whose relevant research remains unknown to me. 
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I have cited other papers, whose focus on the intersection of logic and quantum 
theory make them more kin than predecessors to the present paper. Specifically, 
the papers of Weaver [5^, and of Heunen, Landsman and Spitters [5] [TU], have 
guided my thinking on what might be termed quantum first-order logic. 

Sections 2 and 3 provide the reader with minimal background on category the- 
ory and noncommutative mathematics, respectively. Section 4 presents the desired 
intuition for the opposite category °W*. Section 5 develops the elementary prop- 
erties of the category W*, and concludes by showing that W* does not have all 
coexponentials in the usual sense. Section 6 defines the categorical tensor product, 
and concludes similarly, by showing that W* fails to have all coexponentials rela- 
tive to this tensor product. Section 7 reviews the usual "spatial" tensor product. 
Section 8 contains a number of lemmas, which essentially provide bounds on the 
size of TW*"^. Section 9 defines the free exponential A^*^, and discusses its basic 
properties. Section 10 provides the reader with minimal background on completely 
positive maps. Section 11 contains the proof of Theorem 11.21 Section 12 discusses 
measurement from the viewpoint of collections and functions. Section 13 is an ap- 
pendix, which contains a proof of Stinespring's Theorem |23j for normal completely 
positive maps. 

This paper contains far more material than necessary for the proof of Theorem 
11.21 The busy, knowledgeable reader may prefer to read just Lemma 9.2, Theorem 
10.1, and Lemma 12.3. Much of the material is intended as an extensive introduc- 
tion, not only to this paper, but also to two others that the author plans to write, 
on the tensor exponential A^®^, and on the internal logic of °W*. 



2. Background: Category Theory 

The results that follow are stated in the language of category theory, and are 
motivated by it. This section reviews the most essential definitions; it is assumed 
that the reader has already seen limits, functors and natural transformations. The 
first chapter of MacLane and Moerdijk's Sheaves in Geometry and Logic [16j is 
recommended as a compact, but thorough summary. The category Set of sets and 
functions showcases the desired intuition for the definitions that follow. 

The product of an indexed family of objects {Xa} is an object X together with 
an indexed family of morphisms {pa ■ X Xa} that is universal among such 
cones, in the sense that if Y is another object together with an indexed family of 
morphism {fa ■ Y Xa}, then there is a unique morphism f : Y ^ X such 
that Pa ° f ~ fa for all a. Like other objects defined by a universal property, the 
product of {Xa} is unique up to a canonical isomorphism. In Set, the product is 
the Cartesian product together with its projection functions. 

In a category with finite products, the exponential of two objects Y and Z is 
an object together with a morphism e : Z^ x Y ^ Z that is universal among 
such pairs, in the sense that if X is another object and f : X x Y ^ Z is another 
morphism, then there exists a unique map Xf : X Z^ such that eo(A/ x ly) = f ■ 
Here, \f xXy : X xY ^ Z^ x F is the morphism obtained by apply the defining 
universal property of products to the maps / opx and py, where X xY together 
with the maps px and py is the product of X and Y . In Set, Z^ is the set of all 
functions from Y Xo Z , e is the evaluation function, and A/ is the function / that 
has been curried on its first argument, i.e.. A/ : a; /(x, ■). 
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A category with all finite products and all exponentials, is said to be Cartesian 
closed. In a Cartesian closed category, the functor — x Y has right adjoint (— )^, 
which means that there is a natural isomorphism between Hom{X x Y,Z) and 
Hom{X, Z^) as functors in X and Z, and in fact, also in Y. This isomorphism is 
given by / H^- A/. 

Given a category C, its opposite °C is the category whose objects and mor- 
phisms are those of C, but whose morphisms are formally reversed in the sense 
that HomoQ{X,Y) = HomciX, X). The dual of any universal construction is ob- 
tained by performing it in the opposite category; for example, the coproduct of 
objects X and F in C is the product of X and F in °C. In Set, the coproduct of 
X and Y is their disjoint union. 

Two categories C and D are equivalent in case there are functors F : C ^ T) 
and G : D — > C such that G o F is naturally isomorphic to the identity on C and 
F o G is naturally isomorphic to the identity on D. The category C is said to be 
dual to D, if it's equivalent to °D. 

3. Background: Noncommutative Mathematics 

The category cC* of commutative unital C*-algebras and unital *-homomorphisms 
is dual to the category K of compact Hausdorff spaces and continuous functions. 
In one direction, we have the contravariant functor C : K — cC* such that 
if X is a compact Hausdorff space then C{X) is the C*-algebra of continuous 
complex- valued functions on X, and if f : X ^ Y is a continuous function then 
C(/) : C{Y) — >• C{X) is precomposition with /. In the other direction, we have 
the contravariant functor a : cC* — > K such that if A is a commutative unital 
C*-algcbra then (7{A) is the Gelfand spectrum of A, and ii tt : A ^ B is a unital 
*-homomorphism then cr(7r) : (j{B) cr(A) is precomposition with tt. 

If C* is the category of all unital C*-algebras, then the above shows that K 
is equivalent to a full subcategory of °C*. Noncommutative mathematics views 
°C* as a category of generalized compact Hausdorff spaces. This generalization is 
justified in part by quantum theory, in which observables are identified with self- 
adjoint operators in a characteristically noncommutative operator algebra. Indeed, 
the self-adjoint elements of a C*-algebra A of norm at most 1 are in bijective corre- 
spondence with morphisms in °C* from A to C[— 1, 1], which we identify with the 
compact Hausdorff space [—1,1]. Noncommutative mathematics studies analogous 
generalizations of familiar classes of objects. 

The present paper focuses on the category W* of W*-algebras, and unital normal 
*-homomorphisms. A VF*-algcbra Ai is a unital C*-algcbra which, as a Banach 
space, is the dual of a Banach space tW*. The Banach space A^* is unique, and 
is called the predual of A4. A unital *-homomorphism w : M ^ Af between W*- 
algcbras is normal in case it is continuous with respect to the w*-topologies on Al 
and TV. 

The category cW* of commutative W^*-algebras and unital normal *-homomorphisms 

is dual the category SLM, which we presently describe. An object of SLM is a 
measure space that, up to a set of measure zero, is the disjoint union of copies of 
{0} with any multiple of the counting measure and copies of [0, 1] with any multiple 
of Lcbcsguc measure. A morphism of SLM is just a function, defined up to a set 
of measure zero, for which the inverse image of a measure zero set is measure zero. 
The proof of this duality is straightforward from the basic theory; Theorem 16.7 of 
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Lurie's notes [14] gets us most of the way there. Note that the construction of a 
measure space for each commutative W^*-algebra does involve a choice of measures, 
so strictly speaking we only obtain a "weak" duality. 

The duality between cW* and SLM is revealing in one way, but misleading in 
another. For example, M with Lebesgue measure is isomorphic to R with Gaussian 
measure. Similarly, R with the Dirac measure at is isomorphic to {0} with 
counting measure. In this sense, the objects of SLM are neither measure spaces, 
nor Borel spaces. 

The terms 'von Neumann algebra' and W*-algebra' are often used interchange- 
ably. When a distinction is made, as it is in the present paper, a von Neumann 
algebra is a W^*-algebra of bounded operators on a Hilbert space. Every Vl^*-algebra 
has a canonical faithful unital normal ^-representation, namely the universal normal 
representation, and the morphisms of von Neumann algebras are typically taken to 
be the same as those of VF*-algebras, so the two categories are equivalent. 

The universal normal representation of a Vl^*-algebra Ai is the direct sum of all 
the GNS representations of Ai for its normal states. A nicer choice of canonical 
representation would the standard form [8] , but we choose to avoid this more sophis- 
ticated notion. All unital normal ^-representations of A4 are essentially equivalent 
(Lemma II 1.2p . so our choice of faithful representations is doubly immaterial. 

The present paper uses the term W*-algebra' to emphasize that it is insensitive 
to the additional structure of von Neumann algebras. The unqualified term 'mor- 
phism' always means a morphism of W*, i.e., a unital normal H<-homomorphism. 
Similarly, all states are understood to be normal, and all representations normal 
and non-degenerate. 



4. Vr*-ALGEBRAS AS COLLECTIONS 

We presuppose the viewpoint that °W* is equivalent to a category of set-like 
objects, the "quantum collections" of the title. For conciseness, we will refer to the 
objects and morphisms of °W* as collections and functions respectively. 

Formally, the objects and morphisms of °W* are the same as those of W*, so 
the subtle distinction between these categories can be a source of mental drag. 
We adopt two strategies to mitigate this effect. First, all formal mathematics will 
be done in terms of the category W*. Second, we will use the notation °Ai to 
refer to a Ty*-algebra Ai as an object of °W*, and similarly for the morphisms of 
°W*. Thus, M2(C) is a W*-a\gehra, whereas °M2(C) is a collection. We define the 
disjoint union of a family of collections to be the direct sum of the corresponding 
iy*-algebras. 

Every set is a collection via the functorial identification X °£°"{X). However, 
not even every commutative collection is a set; for example, if A denotes Lebesgue 
measure, then °L°°(R, A) is commutative, but is not a set. Each commutative 
collection is the disjoint union of copies of °C, and of °L°°{M.,X). Note that 
°C is just a one element set, and that there are no functions from °C to °L°°(IR, A); 
the collection °L°°{R,X) is the native continuum. The complete Boolean algebra 
V{L°°{R, X)) is used in set theory to force the existence of a "random" real, so 
A) may be thought of as a collection of random real numbers. 

If A is a unital C*-algebra, then its second dual A** is canonically a W*- 
algebra, called the enveloping VF*-algebra of A. We think of °A** as the collection 
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of points of the noncommutative compact HausdorfF space °A. Every unital *- 
homomorphism of unital C*-algebras tt : A — > _B extends uniquely to a unital 
normal *-honiomorphism tt** : A** — > B**; thus, every continuous function be- 
tween noncommutative compact Hausdorff spaces is given by a function between 
their collections of points. 

No analogous result is available for noncommutative sets, which we may define as 
disjoint unions of collections of the form °B{'H). The atomic representation yields a 
noncommutative point set for every noncommutative compact Hausdorff space, but 
not every continuous function between noncommutative compact Hausdorff spaces 
defines a function between their noncommutative point sets. This phenomenon is 
related to the existence of non-diagonalizable operators. 

If X is a compact Hausdorff space in the usual sense, we define L°°{X) — C{X)**. 
The collection °L°^{X) is the colimit of °L{X,ijl) for /i a finite regular measure on 
X. In particular, the collection 1, 1] is the disjoint union of the set [—1, 1] 

with uncountably many copies of the continuum °L°°(M, A). Thus, from the point 
of view of the category °W*, the usual compact Hausdorff space [—1, 1] is missing 
some fuzzy points. If the °L°°[—1, 1] seems unreasonably large, the reader may be 
reassured by the fact that the self-adjoint operators of a T/F*-algebra M of norm 
at most 1 are in canonical bijective correspondence with functions from ° M. to 



Every von Neumann algebra is the commutant of a group of unitary operators. In 
this sense, each object °M of °W* can be thought of as a Hilbert space of quantum 
states modulo a group of symmetries. To indicate this point of view, we will refer to 
° M. as a quantum system. The VF*-algebra M. is then the algebra of observables of 
this quantum system, and the affine space Sm of the normalized positive elements 
in M.f, is its space of states. As a collection, ° J\A is the collection of all possible 
configurations. We use the word 'configuration' in an informal, intuitive sense. 
There is no class of objects each of which may be called a configuration; there is 
only a collection of configurations. 

If °7W and °N are quantum systems, then a morphism °tt : °Af °Ai is just a 
function that takes each configuration of °7V to a configuration oi°Ai. Thus, we say 
that °7r is a deterministic quantum operation. We imagine that each deterministic 
quantum operation may be implemented by a physical process, which beginning 
with an instance of the system °Af produces and instance of the system °j\4. The 
class of all quantum operations will be defined in Section 1101 



5. The Category of VF*-Algebras 



This section reviews the construction of limits and colimits in W* . 



Proposition 5.1. The category W* has all small products. 



Proof. Let {Ma}aei be an indexed family of Vl^*-algebras. Define 




and 
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It is routine to verify that M.a is a C*-algebra with eoordinatewise opera- 
tions and ||r7i|| ~ sup^ ||m(a)|| for ah m e 0^ Ma, that (0^ M.a)* is its predual, 
and that the projections tTq : m iH- m(a) are i(;*-continuous. 

If Pq : Af ^ Ada is a family of morphisms then p{n){a) = Pa(n) defines a 
morphism tt : AA — >■ A^^ such that TTa ° p = Pa- Such a morphism is necessarily 
unique because the operators m(a) uniquely determine any given m e A/(q. □ 

If {A^Q C B{'Ha)} is a family of von Neumann algebras, then 0^, A^a can be 
equivalently defined as the von Neumann algebra generated by the operators in 
Ua -^ct acting on the ^-^-direct sum 0^ Ha- 

Definition 5.2. The product of a family {A4q} of W^*-algebras is their direct sum, 
and we will denote it by 0„ A/(a. 

Proposition 5.3. The category W* has all small limits. 

Proof. Since W* has all small products, it's sufficient to show that W* has equal- 
izers [TS]. To that end, let ttojTTi : A4 Af be two morphisms, and define A4= — 
{m e M 1 7ro(rn) = 7ri(m)}, a W^*-subalgebra of A4, with inclusion t : M= — ^ M. 
By construction, ttq o t = tti o t. li p : TZ ^ A4. also satisfies this property, then 
pijVj C A4=, so p factors uniquely through the inclusion t. □ 

A number of the constructions that follow imitate the universal representation 
construction. The next lemma isolates a key component of these proofs. 

Lemma 5.4. Let k be a cardinal number. Each W* -algebra generated by k many 
elements has a faithful representation on a Hilbert space of dimension at most 2^"". 

Proof. Let A4 be a W^*-algebra generated by k elements. If is a normal state on 
A4, then the GNS Hilbert space is the closed span of • k vectors, and so has 
dimension at most Kg ■ k. Furthermore, each normal state is a function A4 C, and 
so is uniquely determined by its values on all words in the chosen generators and 
their adjoints; therefore, Ai has at most (2^")^°" = 2^°''^ normal states. Taking 
the direct sum of normal GNS representations, we find that A4 has a faithful unital 
normal *-representation on a Hilbert space of dimension at most 2^° '^. □ 

Proposition 5.5. The category W* has all small coproducts. 

Proof. Let {A4q} be a family of W^*-algebras. Let's define a generating cocone from 
{A4a} to be a family of morphisms s — {l^ : AAa Ns} into some Vl^*-algebra Afs 
that's generated by IJq i-%{Ada)- By Lemma [Ql above, we can form the set S of 
all generating cocones from {A4q.}, up to the obvious notion of isomorphism. For 
each a, define Ua ■ AAa ^ 0sgs A/'s by ma n> 0^. i%{ma), and define Ai to be the 
subalgebra of 0^ A/'s generated by IJ^ ia{AAa)- 

Let TZhe & Vl^*-algebra, and {pa ■ AAa 7?.} a family of morphisms. Let Af 
be the W*-subalgebra of TZ generated by {}^Pa[AAa), so that generating cocone 
t — {pa ■ AAa Af} is an element of S. If nt : ^Afs ^ Aft — Af is projection 
onto the t summand, then ttj o i„ = = p„ for all a as desired. Furthermore if 
TT : A/( — > 7?. is another morphism such that iroLa = Pa for ah oc, then tt = ttj because 
A4 is generated by the images of the La. Thus, Ai together with the morphisms 
La : Ma ~> A4 is the coproduct of {Ma}- □ 

Definition 5.6. The coproduct of a family {A4q} of T4^*- algebras is their /ree product, 
and we will denote it by A4c. 
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Proposition 5.7. The category W* has all small colimits. 

Proof. Since W* has all small coproducts, it's sufficient to show that W* has 
coequalizers [15]. Therefore, suppose that po , pi : — > A/" is a pair of morphisms, 
and let I C A/" be the w*-closed two-sided ideal generated by {pi(m) — po{m) \ m € 
TW}. Define tt : Af J\f= to be the quotient morphism by the ideal I. Clearly, 
TT o po = o pi , and since the kernel of any morphism n : Af ^ Af coequalizing po 
and pi must contain I, such a map must factor uniquely through tt. □ 

In analogy with the category Set, we call °{M ©A/") the disjoint union of °M 
and "A/". Likewise, we call *Af) the collection of all possible pairs from °Ai and 
°JV. It's significant that the latter operation does not distribute over the former: 

Theorem 5.8. The category W* fails to have all coexponentials. 

Proof. Suppose that °W* is Cartesian closed, i.e., for any VF*-algebra A/", the 
functor — *J\f : W* W* has a left adjoint. All right adjoints preserve limits, so 
in particular for aU W*-algebras M, {M ® M) * Af = {AA * N) ® {AA * N), but 
this formula is false for AJ = and A" = C^. Indeed, * so the right 

side is commutative, but * is noncommutative since, for example, has 
noncommuting pairs of projections. □ 

6. The Categorical Tensor Product 

It's easy to show that * has exactly 2^° irreducible representations up to 
unitary equivalence. The collection * of all pairs from {0, 1} is somewhat 
larger than expected! We excuse this phenomenon by saying that although the first 
component of each element of * is indeed either or 1, and likewise the 
second component, the various pairs may be structurally different. That pairs may 
be "structurally different" is both counterintuitive and desirable. For example, this 
interpretation permits us to say that the phase space of a quantum particle in one 
dimension consists of pairs of real numbers, just not pairs that can be modeled via 
the usual set-theoretic construction. 

We interpret Theorem 15.81 above as showing that we can't apply the usual def- 
inition of exponentials to obtain a collection of all functions from one collection 
to another, if we insist that any function should be applicable to any argument 
regardless of the structure of this pair. We will therefore ask that the evaluation 
function be defined only on pairs of a certain kind. 

In this section, we focus on the collection °AA.®Af of pairs for which observables 
on the first component are compatible with the observables on the second com- 
ponent. The usual criterion for compatible observables is that they correspond to 
commuting self-adjoint operators. Therefore, in this section, we study the quotient 
AA®N of Ai * A/" by the ideal of commutators. We will later abandon this criterion. 

Proposition 6.1. Let {A^q} be an indexed family of W* -algebras. There is a 
space AA and a family of morphisms {ia : AAa AA} such that Lain^a) commutes 
with Lp{mi3) whenever G AAa, rnp G AAp, and a ^ P, and if {pa ■ AAa — > Af} 
is another family with this same property, then there exists a unique morphism 
AA Af such that p o ia — Pa for all a. 

Proof. Let *q, A(q be the free product of the family {AIq} with inclusions : 
At^ — ^ *Q AAa, and let I be i(;*-closed ideal generated by commutators of the form 
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[iaima), Lp{mp)] for nia G Ma, mp G -Mp, and a ^ /?. Each family {pa : Ma — > 
TV} with the relevant property factors through ^aMa by the universal property 
of the free product, and therefore also throught A4 = TWq)/X. That it does so 
uniquely follows from the fact that operators of the form iaima) generate TWq, 
and therefore also A4. □ 

Definition 6.2. If {TWa} is an indexed family of VF*-algebras, then the universal 
property of Proposition 16.11 implies that the W^*-algebra M is unique up to a 
canonical isomorphism. Following Dauns [3], we call Ai the categorical tensor 
product of the family {tWq}; we notate it M = ^^Ma- 

Lemma 6.3. Let T be the unit circle, let X be Lebesgue measure on T, and let 
w G T &e irrational. Define : i°°(T, A) — > L°°(T, A) to be rotation by w, i.e., 
ipw{f)){z) = f{w~^z). Then the inclusion l : C L°°(T, A) is the equalizer of p^ 
with the identity morphism pi on L°°(T, A). 

Proof. We show that for all projections q G L°°{T,X), if Pw{q) = q, then q = or 
q^l. 

Suppose that g is a projection in L°°(T, A) such that Pw{<l) = and that A is 
a corresponding measurable subset of T. For all intervals / C T and naturals n, 
X{A nl) = X{w"'A n w"/) = X{A n w"I). since the powers of w are dense in T, it 
follows that X{An I) = X{An zl) for all intervals J C T and z G T. We conclude 
that if A(/) = n"U(T), then A(A n /) = n-'^X{A). It follows by the countable 
additivity of A that X{A n /) = X{A)X{T). 

The Lebesgue Differentiation Theorem implies that if X{A) < A(T), then for 
every e > 0, there is an interval / C T such that X{A f) I) < eA(/). If g 7^ 1, then 
X{A)X{I) = X{A n /) < eA(/) for aU e > 0, so X{A) = 0, i.e., g = 0. 

In other words, the I1^*-algebra {m G L°°(T, A) |pu,(m) — pi{m)} has and 1 
as its only projections, and therefore is equal to C. It follows that the image of any 
morphism n : M C°°{T, A) such that pu, o tt = pi o tt is in C C i°°(T, A), and so 
factors uniquely through that inclusion. □ 

Theorem 6.4. Let T be the unit circle, and let A be Lebesgue measure on T. The 
functor — (§)L°°(T, A) : W* W* does not preserve limits. 

Proof. In light of Lemma [6.31 above, it's sufficient to show that the inclusion b®l : 
i°°(T,A) i°°(T, A)(iL°°(T, A) defined by m mm is not the equalizer of 
pi®l,p^®l : i°°(T,A)«)i°°(T, A) ^ i°°(T, A)®L°°(T,A), where as before w eT 
is irrational, and for all z G T, is rotation by z. Applying the universal property 
of the categorical tensor product, define tt : i°°(T, A)ii)L°°(T,A) -j- (T x T, A x A) 
by TT (mi (8)7712 ) (zi, Z2) — "ii(zi)m2(z2). Similarly, define S : i°°(T, A)(i)i°°(T, A) 
L°°{T, A) by S{mi^m2) = mim2. 

Every nonzero projection in i°°(T, A) is the sum of two orthogonal projec- 
tions of equal measure. Starting from the identity 1 G L°°{T,X), and continu- 
ing in this way, we obtain for each natural k a family Vn of 2" orthogonal pro- 
jections of equal measure such that each family sums to the identity, and such 
that every projection in Vn+i is a subprojection of a projection in Vn- We can 
now define a decreasing sequence of projections q„ = SpsT' with u'*-limit 

q G L°°{T, X)®L°°{T, A). It follows by the continuity of S, that 6{q) = 1. On the 
other hand, (A x A)(7r(g„)) = 2-"A(T)2, so (A x A)(7r(g)) = 0, i.e., 7r(g) = 0. Since 
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Lebesgue measure is rotationally invariant, we can generalize this argument to show 
that 7r((p^fc(8)l)(g)) = for all integers k. 

Let p = \/ f.{Pwi''S^^)il)j and suppose that p = l(g)p for some projection p G 
L°°{T,X). Because tt vanishes on each term {p^k^l){q), we see that 7r(l(i)p) ~ 
7r(p) = 0, so p = 0. This conclusion contradicts 6{q) — 1, which implies that q ^ 0, 
so p 7^ 0. Therefore, p is not in the image of the inclusion : L°°{T,\) 
L°°(T,A)(i)i°"(T, A). 

Let (t> : ^ L°°(T,A)(i)L°°(T, A) be the morphism defined by 0(co,ci) = 
Co(l — p) + cip. Since by construction, = p = {pi'^l){p), the morphism 

(j) satisfies (/9m®l)o0 — {pi'S>i)o(/). However, such a morphism cannot factor through 
the inclusion i,®! because p isn't in the image of We conclude that is not 
the equalizer of pi^, p^(E)l : L°°(T, A)^L°°(T, A) L°°(T, A)(8)L°°(T, A). □ 

Corollary 6.5. The functor —®L°°{T, A) : W* — > W* does not have a left adjoint. 

Proposition 6.6. The limit in W* of commutative W* -algebras is commutative. 

Proof. Let 91 : C — > W* be a diagram of commutative W^*-algebras with limit 
M. together with an indexed class of morphisms {tTc : M 01(c) | c S Ob(C)}. If 
Too, TOi G A4, then TTdmimQ — mimo) = for all objects c of C. We concluded that 
each morphism tTc factors through the quotient map p : AA ^ Ai/I, where X is the 
ideal generated by elements of the form toiTOq — toqTOi for all toq, toi 6 A^. Since, 
is the limit of 91, it follows that p is an isomorphism, so M is commutative. □ 

Corollary 6.7. T/ie category cW* o/ commutative W* -algebras and unital normal 
*-homomorphisms fails to have all coexponentials. 

Proof. By Proposition 16.61 above, a cone of commutative W^*-algebras is limiting 
in W* iff it is limiting in cW*. In particular, the equalizer t : C — ?• i°°(T, A) 
of Lemma 16.31 is also an equalizer in cW*, but the inclusion i®lL°°('f_x) from the 
proof of Theorem is not an equalizer in cW*. Thus, the functor — (§)L°°(T, A) : 
cW* — cW* fails to preserve limits in the category cW*, and so cannot have a 
left adjoint. □ 

7. The Spatial Tensor Product 

We showed that the functors — * and — (8)L°°(T, A) can't have left adjoints 
because they fail to preserve limits; see the proofs of Theorems 15.81 and 16.41 In 
contrast, we will show that the spatial tensor product with any given W^*-algebra 
does have a left adjoint; see Theorem 19.51 This section defines the spatial tensor 
product. 

Recall that we think of each quantum system ° M. as a Hilbert space of quantum 
states modulo a group of symmetries. In quantum theory, the compound of two 
independent systems is represented on the tensor product of the Hilbert spaces of 
these constituent systems. We are thusly led to the usual tensor product of von 
Neumann algebras: 

The spatial tensor product of von Neumann algebras M C B^K) and J\f C B{1C) 
is defined to be the von Neumann algebra M®M C B{H®JC) generated by operators 
of the form m(S)n, for to G and n £ Af. Remarkably, if we replace the Ai and Af 
by isomorphs, then the resulting spatial tensor product will be isomorphic to the 
original. We thusly define the spatial tensor product of any two VF*-algebras. 
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The universal property of M *Af yields a monic function ° M^N °M that 
we interpret as inclusion, so that °M®M does consist of pairs. We refer to these 
as Cartesian pairs because they behave like the pairs of ordinary mathematical 
practice. Intuitively, two subsystems are independent if any configuration of the 
compound system is just a Cartesian pair of configurations, or, more practically, if 
a physicist would represent them on a tensor product Hilbert space. 

If we wish ® to be a functor W* x W* W* in the usual sense, it's insufficient 
that the tensor product M^Af of two iy*-algebras be defined up to isomorphism; 
for every pair of M^*-algebras, Ad and A/", we must choose a specific W^*-algebra to 
be called MMM. This can be accomplished via the universal normal representations 
of M and J\f. 

Definition 7.1. Let —0- : W* x W* W* be the functor defined as follows: 

(1) For every pair of VF*-algebras, M and A/", M^M is the Vl^*-subalgebra of 
B{%®1C) generated by operators of the iovuim®n, iov m € M. and n G JV, 
where A4 C S('H) and J\f Q B{IC) are the universal normal representations 
of M and TV. 

(2) For every pair of unital normal *-homomorphisms tt : Aio A4i and 
p : TVo A/i, 7r®p is defined by mo(^no i— )■ 7r(mo)(8>p('T-o)- Such a morphism 
may be constructed via a straightforward appeal to Stinespring's Theorem 

MM 

We could have made any other choice of representations in the above defini- 
tion, and the resulting functor would've be equivalent. The naturality of such an 
equivalence is a coherence condition that allows us to handle morphisms between 
tensor product Vl^*-algebras without keeping track of which representations were 
used. If we wish to similarly identify T4/'*-algebras such as {Mo^M.i)'^{M2^'C) 
and {A4o(E)M.2)'^M.i, we must establish four further coherence conditions, which 
together make (W*,®) a symmetric monoidal category. 

Proposition 7.2. The category "W* together with tensor product eg), the unit object 
C, and the obvious natural isomorphisms aM.Af,^ '■ (A/(C2iA/')(8)7?. = M.(Ei{Af^TZ) , 
bM.Af ■ M.®Af = Af^M, and cm '■ C®A4 = A4, is a symmetric monoidal category, 
i.e., it satisfies the following coherence conditions: 

(1) Symmetry. b^,M ° bM.M = ^M»^f _ _ 

(2) Triangle Identity. (l(g)CA/-) o aM,c,Af — (cmiXiIa/") o (&ai,c'8'1a^) 

(3) Pentagon Identity. 

(4) Hexagon Identity. 

Proof. This proposition follows from the similar claim that the category of Hilbert 
spaces and unitary operators is a symmetric monoidal category with respect to the 
usual tensor product (8), and the unit Hilbert space = C. That claim may be 
proved by choosing bases. □ 

8. Bounding Cardinality 

If we plan to collect all possible functions °JV °M into a single object, we 
should first be sure that their number is small, i.e., is in some sense bounded by 
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a cardinality. We do not need a tight bound, but obtain one anyway with a httle 
extra effort. 

For completeness, we begin with a proof of the following fact: 

Lemma 8.1. If M Q B{'H) is a von Neumann algebra, then A4 is generated by a 

subset of cardinality at most dini'H. 

Proof. If dim 7^ is finite, then is a direct sum of matrix algebras. The statement 
is obvious for matrix algebras, and this special case implies the general one. 

If dim'H is infinite, then we may assume without loss of generality that every 
state on is a vector state. The Hilbert space H has a dense subset of cardinality 
dim'H, so the predual M.* also has a dense subset X of cardinality dimH relative to 
the norm topology. Let r be the initial topology on the unit ball A^i C induced 
by X, i.e., the coarsest topology such that all the elements of X are continuous. 
This topology is Hausdorff since if mo, mi € (Ad*)* = M. are distinct, then they 
disagree on some state G A^*, and therefore on some element of X. Since the 
unit ball Aii is a compact Hausdorff space in the u'*-topology, and r is obviously 
coarser, the two topologies coincide. We conclude that the w*-topology on Mi has 
a basis of cardinality no larger than dhn'H. Choosing an operator from each basis 
element, we obtain a dense subset of Aii of cardinality no larger than dim'H; the 
same then follows for A^. □ 

If /C is a Hilbert space and C € /C is a vector, then <^ : C — >■ /C denotes the unique 
linear map such that = C- 

Lemma 8.2. Let K, and L be Hilbert spaces, and let TV C B{1C) and M C B{C)®N 
be von Neumann algebras. There is a minimum von Neumann algebra S C B{C) 
such that M C S®I\f, and it is generated by elements of the form (1 ® Q)m{l ® C,i) 
for Co, Ci £ '^"'^ m G A4 . // A4 has a faithful representation on a Hilbert space 
H, then S has a faithful representation on a Hilbert space of dimension at most 

2(^0 'dim K-dim /C) 

Proof. Let M C A4 be a generating subset of cardinality no greater than dimH. 
Choose an orthonormal basis {(a}aei of JC. 

First, we consider the case TV = B{JC). If a von Neumann algebra S C B{C) 
satisfies M C S®B{1C), then for each generator m G M, and any three basis 
elements Qa, C/3, and C7, 

[(1 c)m(i ® 0)] ® (c^c;) = (1 ® Ui)m{i ® ck;) g sm(iq, 

so [(1 (g) C*)m(l C/3)] <g 1 G 5 (g) S(/C), i.e., (1 ® Ca)™(l ® C/s) ^ S. Thus, the von 
Neumann algebra <S C B{C) generated by operators of the form (1 ® CX)m{l ® C/j) 
is a subalgcbra of S. That S itself satisfies the inequality M C S®B{1C) follows 
from the following calculation for any generator m G M: 

m = ^(1 ® Ua)rn{l ® U}) = ® ^^{1 ® ^p)] ® {CaQ 

01,0 a,0 

Therefore S C B{C) is the minimum von Neumann algebra such that M C S(/C)0<S, 
or equivalcntly, M C B(/C)®5. 

For an arbitrary von Neumann algebra TV C B{IC), it is still true that S is the 
minimum von Neumann algebra such that M. C S^B{K,). By assumption Ai C 
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B{C)®M, so M ^ S^N. Since for any S such that M C S(E>J\f, we trivially have 
M C S(E)B{IC), the von Neumann algebra S is also niinimum such that A4 C S^J\f. 

Our minimal von Neumann algebra S is explicitly generated by at most dim /C • 
dimH • dim/C — dimH • dim/C elements, so by Lemma |5.4[ it has a faithful repre- 
sentation on a Hilbert space of dimension at most 2^0'^™'^ '^™'^. □ 

The following proposition is intended to dissuade the reader from the idea that 
a better bound is available. 

Proposition 8.3. If dim Ti, dim IC > 2, then the bound given by Lemma \8.S\ above 
is strict. Specifically, there is a Hilbert space C, and a morphism tt : B{'H) 
B{C)®B{1C) such that the minimum von Neumann algebra S C B{C) satisfying 
■k(B{'H)) C S®B{1C) has no faithful representation on a Hilbert space of dimension 
less than 2No-dimW.dim/c^ 

Proof. Fix a faithful representation of B{T-L) * B{1C). In particular, this is a rep- 
resentation of B{IC), and so is unitarily equivalent to a representation on C iSi K. 
for some Hilbert space C, with B{IC) acting canonically on the second factor. Let 
TT : B{'H) — ?• B{C ® /C) be the corresponding representation of B{H). 

Let S C B{C) be the minimum von Neumann algebra such that tt{B{H)) C 
S^B{IC). Clearly we also have that C®S(/C) C 5®i3(/C), so (7r(i3CH))-HC®S(/C))" C 
S(E)B{IC). If we now take intersection of both sides with B{C)(E)C, we obtain the 
inequality 

{n{B{n)) + mB{K:))"r\{-K{B{H.)) + cm{jc)y 

= {Tr{B{H)) + C®B(/C))" n iriBin))' D {B{C)'^C) 
C {n{B{n)) + C®S(/C))" n (6(£)®C) 

c (5®s(/c)) n {B{C)'^c) = mc. 

Thus the center of B{n) * B{C) ^ (7r(S(H)) + C®6(/C))" is a M^*-subalgebra 
S^C The proposition then follows from the fact that BlH) * B{IC) has exactly 
2i<o dim-H dim/c jj-reduciblc representations up to unitary equivalence; this is Lemma 
113] below. □ 

Lemma 8.4. Let % and /C be Hilbert spaces of dimension no less then 2. Then 
the W*-algebra B{H) * B{IC) has exactly 2^" dim« dim/c ^j-j-^ducible representations 
up to unitary equivalence. 

Proof. We construct a set of surjective representations {pr ■ B{H) * B{1C) B{H ® 
/C)}, each giving B{H ® JC) the structure of a "twisted tensor product". These 
representations will have different kernels. 

Choose an orthonormal basis {Ca} of JC. For every indexed family r — {ra : 
B{'H) — B{'H)} of automorphisms, let f : B{H) — >■ BCH (g) /C) be the direct sum of 
these representations relative to the basis {Cq} in the sense that f(m)(^ (g) Cq) = 
r„(m)C (8) Ca- Finally, define pr : B(n) * B{]C) B{n ® JC) with B{n) acting via f , 
and B{JC) acting canonically. 

Each such representation is irreducible. Indeed, the image of Pr trivially 
contains C'S)B{JC), and because each Tq, is an automorphism, it also contains all 
operators of the form m(E)CaCaj ^-^d therefore all of B{H)<E)€.. Thus, B{H)<E)B{JC) C 
PriB{n)*B{JC)). 
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If ro is the identity B{H) B{n), then ra(TOo) = mi iff (l(^C*)pr(mo)(l«)Ca) = 

(1 (g) Cn)pr(TOi)(l <E) Co), i.e., Pr(CoC)Pr("io)pr(CQCo) = Pr{CoCo)Pr{'mi)pr{CoCo)- 
Thus, two distinct indexed famihes of automorphisnis B{'H) — > B{'H) induce rep- 
resentations of B{T-L) * B{1C) with distinct kernels, if the 0-indexed automorphism 
of both famihes is the identity. Since B{'H) clearly has at least (2^'')^'^""^"^) dis- 
tinct automorphisms, we obtain (2«o (dim w-i))(dimK:-i) ^ 2«" d™-W dimK: unitarily 
inequivalent irreducible representations of B{'H) * S(/C). 

Of course, by Lemmas 18.11 and 15.41 the M^*-algebra B{^) * B{IC) cannot have 
more than 2^o '^"°^ '*™'^ unitarily inequivalent irreducible representations. □ 

9. Free Exponentials 

We presently construct the free exponential of T4^*-algebras M and Af. 

Intuitively, °M*-^ is the collection of aU functions from °J\f to °M, and so M*-'^ 
might be more appropriate called the coexponential of these algebras, but such 
terminology would clash with the precedent of naming objects according to their 
behavior in the opposite category, e.g., direct sum, tensor product, quantum group, 
etc. We will have constructed a functor (^~)*-^ which is left adjoint to the functor 
—<E)J\f for each T4^*-algebra J\f, i.e., shown that the symmetric monoidal category 
(°W*,®) is closed. 

Theorem 9.1. Let M and N be W* -algebas. There is a W* -algebra M*^ and 
a morphism e : — A4*'^'SiAf, that is initial among such pairs in the sense that 
if TZ is another W* -algebra and tt : — > TZ(E)Af a morphism, then there exists a 
unique morphism p : A^*^ — )■ TZ such that n — (pCSil) o s. 

Proof. We may assume that Ai C B{H) and J\f C B{IC) are von Neumann algebras. 
We now repeatedly apply Lemma \8l2\ 

Let K = 2^« '^™'"'i™'C, and write £l = e^{K). Define e : M ^^S^^Af by 
e(m) = cr(m), where both sums are taken over the set of morphism cr : — > 
B{£f.)(E)Af, and So- C B{£f.) is the minimum von Neumann algebra such that e{A4) C 
S„^J\f. Clearly s{M) C 0^(5,,^) = (0^5^)®A/', so let M*^ C 0^5,, be the 
minimum von Neumann algebra such that e{A4) C M*-^®J\f. 

Suppose that 7?. is a W^*-algebra, and tt : — > TZ®M a morphism. By Lemma 
18. 2[ there is a subalgebra S CTZ that has a faithful representation on a Hilbert space 
of dimension k and satisfies Tr{A4) Q S^J\f. Choosing such a faithful representation, 
we write S C B{£'^). By construction there is a morphism p : A^*"^ — > 5 such that 
TT = (pCE>l) o e. After including S C TZ, we obtain a morphism po : AA*-^ — > TZ, 
which satisfies this same equation. 

If pi : A^*"^ — )■ 7?. is another morphism satisfying this equation, then for all 
Co, Ci £ ^, ^-nd m e M, 

p,((l Q)e{m){l ® Ci)) = (1 ® Q){p^m){e{m)){l ® Ci) = (1 ® Co)^M(l ® Ci), 

for each i = 0, 1. Since elements of the form (1 (g) CQ)£(m)(l Ci) generate A1*^, 
we conclude that pi — pq, as desired. □ 

Because the pair (A^*^, e) constructed in Theorem 19.11 above satisfies a universal 
property, we may in the usual manner show that it is unique up to a canonical 
isomorphism of A^*-^. We may thus make the following definition: 
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Definition 9.2. Let and N be VF*-algebras. The free exponential of and 
TV is defined up to isomorphisni, as a VF*-algebra M*-^ together with a morphism 
£m.U ■ TW Ai*-'^<SiAf satisfying the universal property of Theorem 19. II 

We view the cohection °M*^'^M as the Cartesian product of °M*-^ and °M, 
and the morphism °e : — )■ ° Ad as evaluation of the first argument on the 
second. 

Proposition 9.3. If AA B{H) and M C B{JC) are von Neumann algebras, then 
their free exponential M*^ can he faithfully represented on a Hilbert space of di- 
mension no greater than 2*^0 '^™^ '^'™'^. Conversely, ifH and K, are Hilbert spaces 
of dimension greater than 1, then every faithful representation of B{'H)*'^^'^^ is on 
a Hilbert space of dimension no less than 2^" '^™^ '!™''^. 

Proof Clearly, M*^ can have no proper M^*-subalgebras TZ C M*^ such that 
e{AA) C TZ®M. Apply Lemma [8.21 The partial converse follows from Proposition 
[Ql □ 

Definition 9.4. For each W^*-algebra TV, let (-)*^ : W* ^ W* be the functor 
defined as follows: 

(1) For every W^*-algebra TW, let TW*-^ be defined by the construction in the 
proof of Theorem l9.11 taking TM C B{'H) and TV C B{K.) to be the universal 
normal representations of these algebras. 

(2) For every morphism tt : Mq — TWi, let tt*^ : M^^ -> TW^^ be the unique 
morphism such that (7r*^0l^) o eg = ei o tt, where : Mi H> TW*^®TV, 
for i = 0, 1, is the morphism constructed in the proof of Theorem 19. II 

Theorem 9.5. For every W* -algebra TV, the functor (— )*^ is left adjoint to the 
functor -~®J\f . Thus, the monoidal category (°W*,®) is closed. 

Proof. The universal property of e : TM ^ A4*'^(E)JV can be rephrased to say that 
for every M^*-algebra TZ, the function fM,TZ ■ Hom{M*^ ,TZ) Hom{M,TZ®N) 
defined by p i— > o e is a bijection. It therefore remains to show that this 

function is a natural transformation of functors °W* x W* — > Set, i.e., that 
for any pair of morphisms, tt : Aii A^o and : T^o ^ TZ-i, we have that 
Hom{TT, (plSJV) o fMo,TZo = fMuTZi o Homiji*-'^ , (j)) as functions Hom{MQ^ , TZq) 
Hom{A4i,TZi^J\f). This follows from the following calculation, valid for any po £ 
Hom{M*o^,TZoy- 

[Hom{TT, (/>®TV) o fMo.TZoKPo) = Hom{-K, (/)®TV)((po®l) o eo) 

= o (po®l) o Eo ° = ((0 o Po ° TT*'^)®1) O El 

= [fMi,ni o Hom{Tr*^ ,(j>)]{po). 

□ 

The results of the rest of this section are all more or less corollaries of Theorem l9.5l 
above, so the reader who is familiar with closed symmetric monoidal categories will 
find little new here. Therefore, what follows is intended primarily as a discussion 
of this setting. 

Recall that left adjoints preserve colimits and right adjoints preserve limits. 
Thus, we obtain our first corollary: 
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Corollary 9.6. The functor (— )*^ preserves colimits. The functor —^Af preserves 
limits. 

In particular, this means that for any indexed family {A^a} of M^*-algebras, 
(*a-Ma)*-^ = *a-M;-^, and A/®(0„>[a) = ©^A^^TW^. While the latter 
claim won't surprise anyone, the former is sufficiently reassuring that we'll state 
it formally: 

Corollary 9.7. Let {Ma} be an indexed family of W* -algebras. Then Ma)*'^ — 

What about the other familiar laws of exponentiation? We might for example 
expect that (^M*-^)*^ = M.*^-'^*'^\ A small amount of abstract nonsense involving 
the universal property of the free exponential instead reveals the following: 

Corollary 9.8. (X*^)*^ _a/,*(tcW) 

The final such property follows from Yoneda's lemma. For fixed Vr*-algebras A^, 
A/i and A/'2, we obtain the following familiar sequence of natural transformations: 

HomiM*^'®^^!^) ^ Hom{M,n'^{Mi ® A'a)) ^ Hom{M, (TZ'^Mi) © (7^W2)) 

^ Hom{M,n®J\fi) X Hom{M,'RMN2) 

^ Hom{M*^\n) X Hom{M*^\n) ^ Hom{M*^' *M*^^,TZ) 

The natural transformations that got us to and from the Cartesian product of Hom 
sets arise from the the universal properties of © and * respectively. The same proof 
works for any collection of M^*-algebras. 

Corollary 9.9. Let {TVq} be an indexed family of W* -algebras. Then A^*(®<»^°) ^ 
*„A^*^°. 

We now have an opportunity to justify the notation A^*^, by combining the 
above corollary with the simple observation that A^*^ ^ M. 

Corollary 9.10. Let X be a set. Then ^ ^^g^X. 

Using the universal property of free exponentials, we can define a contravariant 
functor A4*'-~\ By Yoneda's lemma, it is the unique functor such that the canonical 
bijection Hom{M*^ ,TZ) ^ Hom{M,Af^TZ) is natural in TV, as well as in M 
and 7^. The calculation Hom{M*^,n) = Hom{M,J\f^n) = Hom{M,VMM) = 
H om{A4*^ , N") shows that curiously the functor A^*(~) is its own adjoint (it's 
contravariant). Therefore it sends all limits to colimits. 

Corollary 9.11. The assignment M i— >■ A^*^ extends uniquely to a contravari- 
ant functor such that the canonical bijection Hom(M*-^ ,TV) = Hom{A4,TZ'SiAf) is 
natural in J\f . It sends limits to the corresponding colimits. 

Note that the isomorphisms of Corollaries 19.7119.91 are natural in every variable. 

We wish to draw an analogy between the functor W* x °W* — ;> °W* given 
by {M,°M) ^ °M*^, and the Hom functor W* x °W* Set. The adjunction 
Hom{M*^ ,<C) = Hom{M,Af^C) = Hom{M,J\f) establishes a canonical bijection 
between the atoms of °A1*^ and the functions from °J\f to °M. Thus, °M*^ 
consists of Hom{°JV, together with other functions that cannot be individually 
distinguished. We formally state this correspondence. 

Corollary 9.12. Hom{M*-^,C) ^ Hom{M,M) 
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Let us write : A^*-^ — !> C for the character corresponding to a morphism 
Ti : N ^ M. In particular, for every T4^*-algebra A^, we have the character 
IM = IIm ■ ■M*'^ — >■ C corresponding to the identity morphism. It is the counit 
of the canonical cocomposition operation defined as follows: 

Definition 9.13. For each fixed VF*-algebra7V, cocomposition is the natural trans- 
formation 

defined to be the unique map such that (ka4,a/',7Z'Xi1) o ^mji — {^®£N'Ji) ° ^MM- 
We claim the obvious desirable properties: 

Corollary 9.14. Let M, N, TZ, and S be W* -algebras. 

(1) Cocomposition is coassociative in the sense that 

Both are morphisms M*^ -> M*^®M*'^'®n*^ . 

(2) The identity characters are the counits of cocomposition in the sense that 
the morphisms (7a4®1) ° KM,M,^f ^'^'^ (l^TA/") ° i^MMM a'^e ^oth equal to 
the identity morphism 1 : A^*^ — > AJ*^. 

Proof. Let's prove the second claim first. We calculate: 

The universal property of £M,j\r '■ — ^ M*^'®N then yields that (7x®l) o 
«^Ai,Ai,A^ = 1. The equality (\®^j\f) o KM.^f,^^ = 1 is proved analogously. 

For the second claim, a similar calculation to the one above yields the equality 

Again, by the universal property of em.s ■ M — ^ M*^'®S, we conclude that 

Thus, the functor (X,°7V) ^ °M*^ really does behave very much like Ham : 
W* X °W* — Set. If we replace the latter with the former, the category °W* 
becomes an enriched category, enriched over itself. The term 'closed' in Theorem l9.5l 
refers to the fact that (°W*,(g)) is canonically equipped with such an enrichment, 
and is thusly "closed under the formation of hom objects" . 

If we look at the hom objects of our enriched category °W* through the functor 
Hom{°C, — ), we recover the original category °W*. Indeed, the natural bijective 
correspondence Hom{°<C,°M*-'^) = H om{° J\f ,° M.) respects composition in the 
sense that iii: : M ^ M and p : J\f ^ TZ are morphisms, then (j^^'^jp) o HMM,n — 
7poir- We deduce this equality from the the following calculation: 

= (77r^7p^l) ° (1®£a/',tc) o £mM = (7p®l) ° SN^n ° (7>r®l) o £M,Ar ^ pOTT 

Corollary 9.15. Let tt : M ^ Af and p : N ^ TZ be morphisms of W* -algebras. 
Then, (jn'^jp) o KM,N',n = 7po7r- 
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The present paper embraces the viewpoint that the enriched category °W* is the 
real object of our study, whereas the original category °W* is simply a view of this 
entity from the category Set, in which mathematics is ordinarily developed. Thus, 
the collection consists of all possible functions from °Af to whereas the 

set Hom{°M, °M.) consists just of those that are visible from Set. 

The enrichment of °W* does not cut ties with Set completely: Although we have 
replaced Hom sets with hom objects, composition is still a morphism in the ordinary 
sense. However, we may preserve the sense that °W* is a self-contained entity via 
the observation that Set behaves like a subcategory of enriched °W*: Each set 
is a quantum collection via the identification X M- and the set = 

°l°^{Hom{Y,X)) is just the maximum subset of the collection °^°^{^xy^°^'^^\ 

We conclude this section by examining Corollaries 19.7119.91 in the context of the 
enriched category °W*. Recall that we interpret °A/o * °Mi to be the collection all 
pairs from °J\fo and °Afi. Thus, the equation M*^°*M*^^ ^ _A/(*(AAoeA/'i) g^ys that 
°Afo © Afi is the coproduct of °A/o and °A/i within the enriched category. Similarly, 
the equation Mq^ * M^-^ = (A^o * Mi)*-^ says that °Mo * Mi is the product 
°A4o and °A^i within the enriched category. Finally, the natural isomorphism 
(M*^)*'^ = is the adjunction between functors °(-)*^ and ° - ® A/" 

within the enriched category. 

10. Quantum Operations 

Each physical operation between two quantum systems is given by a function 
/ : S_\f Sm, where and A4 are the W*-algebras associated to the source and 
target systems respectively. Since the afHne combination of states corresponds to 
probabilistic mixing, the function / should respect the affine structure of Sj^f. Thus, 
/ extends uniquely to a bounded C-linear function AC — > A^*, and so we obtain 
a normal linear function f* : A4 Af. If m S A^ is positive, then for all states 
v £ S_\f, v[f*[m)) — {f{v)){m) > 0, so f*{m) is positive, and more generally /* 
is positive. A similar computation leads us to conclude that /* must be a unital 
normal positive map. 

We assume that any quantum operation may be implemented by a physical 
process that leaves any number n of independent qubits unaffected. Thus, we begin 
anew with a function /„ : S^j^j^^f^c) ^m^M2^(C) such that fniy®'^) = fii^Wf 
for all states ly € SV and (p S S'Man (C) • Repeating the above argument, we obtain 
a family of unital normal positive maps /* : Af^M^^ (C) — >■ A4 (C) such that 
/*(m (g) x) = f*{m) ® X for all m S AJ and x € M2"(C). The existence of such a 
family is a nontrivial condition on /* called completely positivity. 

We've essentially condensed Kraus' original argument [13] for the formalization 
of quantum operations as completely positive maps, generalizing it to W*-algebras. 

Definition 10.1. A linear map ip : A4 ^ Af is completely positive in case whenever 
[rriij] is a positive matrix with entries nnj G AA, then the matrix [%l:{mij)] is also 
positive. 

One can show that a normal positive map t/i : A( — > A/" is completely positive 
iff for all Vl^*-algebras TZ, there is a normal positive map (i/'CE'l) : M.^'R- — ?> AP^TZ 
defined by {ipiSil-){m(x)r) = ^(m) Or. Evidently, every normal *-homomorphism is 
completely positive. 
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Our focus on the class of unital normal completely positive maps can also be 
motivated via Stinespring's Theorem, of which there is a proof in the appendix. 
This fundamental result is essentially an adaptation of the GNS construction to 
completely positive maps: 

Theorem 10.2 (Stinespring's Theorem). Let M be a W* -algebra, and IC a Hilbert 
space. If ip : A4 B{IC) is a normal completely positive map, then there exist a 
Hilbert space %, a normal unital *-homomorphism a : A4 ^ B{'H), and a bounded 
operator v G B{IC,'H), such that •ip{m) = v*a{m)v for all m G A4. 

A straightforward consequence of this theorem is that a function ip : Ai J\f is 
a normal unital completely positive map iff for some pair of faithful representations 
of C B{'H) and A/" C B{IC) as von Neumann algebras, there exists an isometry 
w : /C — ?• H such that = v*mv. Thus, the laundry list of properties that 

defines unital normal completely positive maps turns out to be quite cohesive. 

Definition 10.3. Let pW* be the category 

(1) whose objects are W^*-algebras, and 

(2) whose morphisms are unital normal completely positive maps. 

Repeating the argument of Section [71 we see that the spatial tensor product (g) 
makes pW* into a symmetric monoidal category. 

Thus, °pW* has the same objects as °W*, but more morphisms. A morphism 
"i/; : °C — 5- in °pW* is just a state on A^. States are typically considered to be 
the noncommutative analogues of probability measures, and indeed the states on 
L°°(Ar, /i) are in canonical bijective correspondence with the probability measures 
that are absolutely continuous with respect to /i. Because to us is a collection, 
we think of "ijj as a, probability distribution. 

If X and Y are sets, then a morphism °tp : X Y in °W* is just an assignment 
of probability measures on Y to the elements of X. Thus, we will think of the 
morphisms of °W* as probabilistic quantum operations; intuitively, each initial 
configuration is transformed randomly to a final configuration. 

Given this motivation, it's natural to ask whether the unital normal completely 
positive maps between two given Vl^*-algebras arise somehow from the unital normal 
*-homomorphisms between them, i.e., whether probabilistic quantum operations 
are mixtures of deterministic ones. Interpreted naively, the answer to this question 
is no because sometimes there are no unital normal *-homomorphisms between two 
Ty*-algebras. For example, there are no unital normal *-homomorphisms between 
M2(C) and L°°{R, A) in either dhection. 

We rescue this hypothesis by showing that every probabilistic quantum operation 
°Af — s> °A4 is indeed a mixture of deterministic quantum operations °7V °M. in 
the sense that it arises from a probability distribution on the collection 

11. Completely Positive Maps from States on the Free Exponential 

Fix two W*-algebras M and A/", and let e : A^ -> M*^®N be the coeval- 
uation morphism, as in the Section |9l We saw that there is a natural bijection 
Hom{M.*^ ,C) = Hom{M,M) given by 7 (70I) o e. If we look at this pic- 
ture in the opposite category °W*, we see that we begin with a configuration of 
"A", then prepare a configuration of ° M.*^ , and finally evaluate. What happens 
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if we prepare the configuration of °7W probabilistically, i.e., replace 7 with a 
non-honiomorphic state? 

We saw in Section [TU] above that the class of *-algebras, together with their 
unital normal completely positive maps and the spatial tensor product, forms a 
symmetric monoidal category. Thus, for any state : M*-^ — > C, the expression 
(/x^l) o £ defines a unital normal completely positive map M — > M. So, indeed, if 
we select a function from °N to °M randomly, then we obtain what we've called 
probabilistic function between these collections. The goal of this section is to show 
that every morphism of pW* can be obtained in this way. I hope that this is seen 
as further evidence for the soft thesis that a unital completely positive map is the 
same thing a probabilistic function in the opposite direction. 

Theorem 11.1. The formula /i ^ {^■®^)°£m,N' defines a surjective natural trans- 
formation Hompw*{M*^ ,C) -> Hompw{M,JV). 

The demonstration of naturality is simply a matter of writing out the relevant 
definitions. The real content of the above theorem is in the claim of surjectivity. 
We prove the theorem in two steps, each a lemma. 

Lemma 11.2. Let Ai C B{'H) and M C Z?(/C) be von Neumann algebras, and let 
■K : M. ^ M he an isomorphism. If k > dim('H), dim(/C) is an infinite cardinal, 
then there is a unitary operator u e B{1C ® i'^^'H ® ^k) such that for all m G A4, 
(to eg) l)u = u{iT{m) (8) 1). Furthermore, if v € B{1C, Ti) is any given partial isometry 
such that mv = v'!T{m), then we can construct u so that (l(g)eo)tt(l(8)eo) extends v, 
where {ea}a<K is the standard basis of £f.. 

Proof. The proof is a back-and-forth construction based on the fact that any two 
cyclic representations of A4 are unitarily equivalent iff the states associated to their 
cyclic vectors are equal. This is the only essential content of the proof whose details 
are spelled out below, and the reader is encouraged to skip it. 

We may assume that every normal state of is a vector state, and likewise for 
Af, by replacing H and IChy'H®^ and JC®£'^ respectively. Choose bases for both 
% and /C, and so obtain well-ordered bases of H (g) £^ and K,® i\ of order type k, 
consisting of vectors of the form ^ (g) ea. 

We construct the desired unitary operator by transfinite induction. At each 
stage 7 < K of the construction, we have a partial isometry u E B{IC ® i'ij'H ® 
satisfying the following properties: 

(1) For all m e M, {m® l)u = u{n{m) (g) 1). 

(2) The domain projection u*u can be written as a disjoint sum u*u = X]q<7 Pa 
with Pa < 1 (g) CqC* . Likewise for the range projection uu*. 

At stage zero, set u = (1 (g) eo)w(l <g) Cq). At each odd successor stage, find 
the least basis vector ( (E) Ca not in u*u{JC (g) ^^), and let ® &a be the normal 
component of C (g) Bq to u*u{K, (g) Find the least basis vector e^j such that 
e^ep = 0. Choose a vector ^eU such that (C| ■ i) = ||C"^ir^(C^|7r(-)C"^). 
By Theorem 3.3.7 in Pedersen's C* -algebras and Their Automorphism Groups [18j . 
the identity representation of Ai on is unitarily equivalent to the representation 
TT on MC^, so we can extend u to a partial isometry that sends ||C^II~^C^ Sa 
to ^ (g) e^, and satisfies the properties enumerated above. At each even successor 
stage, we instead begin with the least basis vector ^ ® not in uu*{% ® if.), and 
proceed in the opposite direction. At each limit stage, we take the ultraweak limit 
of the partial isometrics constructed at previous stages, which are all compatible. 
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After stage 2a of the construction, the a*^ basis vector of IC®£f^ is in u*u(/C(g)^^) 
and the a*'' basis vector oi TL (S^ is in uu*{7i (g) Thus, at the final stage k, 
u*u = 1 and uu* = f , so the desired unitary operator has been constructed. □ 

Lemma 11.3. Let tp : JV[ ^ J\f be a unital normal completely positive map of 
W* -algebras. There exists a Hilbert space C, a morphism n : A4 B{C)®M , and 
a state ^ : B{'H.) C, such that o n = tp. 

Proof. We may assume without loss of generality that Af C B{IC) is a von Neumann 
algebra. Applying Stinespring's Theorem to ip, we find a representation a : Ai ^ 
B{T-L) and an isometry v S B{IC,H) such that -0 — v*(t{-)v and 7i = a{M)vlC. 

We now show that TV' acts on "H via (p{n') : cr{m)vC, a{rn)v{n' Q. Fix n' £ 
TV' C B{IC), and let <^{^i)vQ be a finite sum. We are interested in showing that 
the following quantity is positive: 

lln'imj^aKXf -||^aK)«(n'C.)f 

i i 

hi i,j 

= (Ci|(ll"'f - n'*ilj{m*mj)n') Q) 

Thus, it's sufficient to show that the matrix [||n'|p-!/'(m*TOj) — n'*tlj{m*mj)n']ij is 
positive. Noting that tjj{m*mj) £ TV, and therefore commutes with n' and n'* , we 
calculate: 

[\\n'f^P{m*mj) - n'*iP{m*mj)n'] = [(Hn'f - n'*n')i/'(m*TOj)] 

= {\\n'f - n'*n')i/2[^(m*TO^.)](||n'||2 _ n'*n'y^'^ 

Since tp is completely positive, this yields the desired conclusion. Thus we have de- 
fined a bounded operator 0(n') € B{%). Evidently, (j) is a. unital *-homomorphism. 

To show that (j) is normal, we suppose that n\ G TV' is a descending net of positive 
operators with greatest lower bound 0, so that 4>{n'^) G B{'H) is a descending net 
of positive operators with some greatest lower bound x. Both nets converge in 
the strong operator topology, so for every vector of the form a{m)vC, we find that 
x{a(m)vC) = \mi\(j){n'y^){(T{m)vC,) = \iui\a{m)v{n\C,) = 0. Since % = (7{M)vlC, 
cc = 0; thus, (j) is normal. Finally, note that is faithful because v is an isometry. 

We now have two faithful representations of TV': the canonical representation on 
/C, and the representation on "H. By the definition of 0, the Stinespring operator 
V intertwines these representations in the sense that (j)[n')[vCj = vn'C, for all C, £ IC. 
Applying Lemma If f .31 above, we find a unitary u G B{£'j. ® 1C,P^® H) such that 
(cq (g) l)u(eo = V, and (1 (g) 4>{n'))u = u{\ ® n') for all n' G TV'. We puU the 
Stinespring representation a : Ai ^ B{H) back along this unitary, i.e., we define 
TT : TW — > B{£'^ (g) K.) by n{m) = u*(f (g) a{m))u. It remains to show first that 
Tr{M) C S(^^)(gTV, and second that ((eo|(-)eo)^l) o vr = -0. 

To prove the first claim, we appeal to the commutation theorem. Fix m £ A4, 
and n' G TV'. By definition of 0, 0(n') commutes with a{m). Conjugating by m, we 
find that f g) n' commutes with 7r(m). Therefore, Tr{M) C (C^TV')' = i3(£^)®A/'. 

To prove the second claim, we note that since both u and v are isometries, the 
equation (eg (g) l)u(eo ® 1) — v implies that (eoeo (S) l)u{eo g) I) = u{eo g) 1). We 
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now calculate: 

((eo|(-)eo)^l)(7r(m)) = (bq (E) 1)u*{1 a{m))u{eo 1) 

= (cq (E) E> cr(m))(eoeo (g) l)M(eo (8) 1) 

= v*a{m)v — iplm) 

□ 

Proof of Theorem \ll.li Let ■0 : — > TV be a unital normal completely positive 
map. By Lemma 111.31 above . there exist a Hilbert space C, a morphism n : A4 ^ 
B{C)'®M^ and a state : B['H) C, such that (^®1) o tt = i/j. We now apply the 
universal property oie : M ^ M*^^Af to find a morphism p : M*^ ^ ^i^) such 
that (/9®1) o £ = TT. The trivial computation -0 = (/i(8)l) o tt = ((/i o p)(X)l) o e then 
shows that pop does the trick. □ 

Corollary 11.4. Let TZ be a W* -algebra. If ip : M ^ TZ^Af is a unital normal 
completely positive map, then there exists a unital normal completely positive map 
Lp : M*^ TZ such that ip = {ip®l)e. 

Proof. Applying Theorem 111.11 wc find a state p : M^®^ C such that i}} = 
{p®^iz'^j\f) ° Ti®M- definition of A^*^, there's a unique morphism p : 

M*^ ^ X*■^«'^^7^ such that £ai,7?,®a/- = (p^Ia^) ° £M,Af- Therefore, ip = 
iilMln) o p)'^l^f] o eM,Ar- □ 

12. Measurement 

Consider a version of the famous Stern-Gerlach experiment, in which we first 
prepare an electron in a spin- up state p^, and then measure its spin along the 
X-axis. We formalize these two steps as quantum operations. The first of these 
operations is °p^ : {*} °M2{C), which prepares the state p^ "from scratch". 
The second operation is °tt : °M2(C) — { — ,-!-}, where if S- and 6+ denote the 
two nontrivial projections of C^"'"'"'', then 7r((5_) and 7r(5+) are projections onto 
the negative spin and positive spin subspaces respectively. This second operation 
sets a classical two-state system, perhaps a lightbulb, based on the qubit system 
°M2(C), the spin of the electron. Composing these two transformations, we obtain 
a morphism °{p^ o tt) : {*} — ^ { — , +} in °pW*, i.e., a probability measure on the 
set { — .+}. The probability of both outcomes is i, in agreement with quantum 
theory and experiment. 

A number of observations are in order. First, each of the three systems discussed 
above are obtained by specifying a small subalgebra of observables from a much 
larger algebra of observables of a much larger system, which encompasses the elec- 
tron, the lightbulb and eventually the experimenter, his lab, and his galaxy. Thus, 
the trivial quantum system °C is not isolated in some mysterious apparatus in the 
physicist's lab, but is rather the universal system all of whose states have been 
identified. Similarly, the spin system °M2(C) consists of even less than an electron; 
its non-spin properties are being ignored. 

Second, the preparation of the initial state /x-j- might be further broken down: 
The electron is emitted by a source in a spin state of maximum entropy, and is 
then processed via a Stern-Gerlach apparatus, the lower of whose branches ends in 
an adsorptive stopper. An emitted electron may disappear down the lower branch, 
never to be heard from again; the apparatus may fail to set the target spin system 
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altogether. The operation induced by the stopper can be represented by the zero 
*-homomorphism Af2(C), whose formal opposite is something like the empty 
partial function. In general, we define a partial function from °N to °M to be 
simply a normal *-homomorphism M. — >■ A/". A probabilistic partial function from 
"A/" to ° AA is then either a contractive normal completely positive map, or just any 
normal completely positive map, depending on one's intentions. 

Third, according to the language of this paper, the measurement operation 
°7r : °Af2(C) °C''^^'+'' is deterministic. The reader may find this conclusion coun- 
terintuitive because quantum physics is notoriously nondeterministic, as the Stern- 
Gerlach experiment demonstrates. The above description of the Stern-Gerlach ex- 
periment blames this circumstance on the preparation of the initial state. Resorting 
to the vague term 'configuration', we might summarize this situation by saying that 
each configuration of °M2(C) has a well defined spin in any given direction, but 
it is impossible to manipulate this system in such a way that we can be certain 
that it is in a particular configuration. Though this language embraces a kind of 
realism, it is certainly not the realism of the Einstein, Podolsky and Rosen. The 
Kochen-Specker Theorem [11] can easily be applied to show that, in general, it is 
impossible to assign values to the observables of a quantum system in a way that 
respects the composition of quantum operations. 



For reference, we include a proof of Stinespring's Theorem for normal maps. 
Stinespring proved the theorem that bears his name in his article Positive Functions 
on C* -algebras which didn't look at VF*-algebras, and therefore doesn't show 
that in this context the Stinespring representation is normal. 

Definition 13.1. Let M and M be M^*-algebras. A C-linear map ^ : M ^ M 

• is normal if it is w*-w* continuous, and 

• is completely positive if for any positive n x n matrix [ruij] with rUij £ A4, 
the matrix ['ip{mij)] is also positive. 

Tiieorem 13.2 (Stinespring's Theorem for Normal Maps). Let A4 be a W* -algebra, 
and let K. be a Hilbert space. If ip : Ai ^ B{JC) is a normal completely positive map, 
then there exist 

(1) a Hilbert space %, 

(2) a normal unital *-homomorphism cr : — > B{'H), and 

(3) a bounded operator v £ B{IC, %) 
such that il){in) — v*a{m)v for all m d A4. 

Proof. Let C|A^| and C|/C| denote the complex vector spaces formally spanned the 
elements of M and K. respectively, and let C\M\ C|/C| denote their algebraic 
tensor product. The equation 



trivially defines a symmetric sesquilinear form on C|A^| C|/C|. 

The complete positivity of then implies that the sesquilinear form {■\-)-h is 
positive. For any element cafni d of the tensor product C|A/(| C|/C|, 



13. Appendix: The Normal Stinespring Theorem 



(too ® Co|toi ® Ci)-H = (Co|V'(TO5mi)Ci) 
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because the matrix [ip{mlmj)] is positive. As usual, we complete the quotient of 
C\A4\ C|/C| by the subspace of norm-zero vectors, and obtain the Hilbert space 

n. 

An analogous computation shows that for every operator m £ M, and any vector 
of the form J2i cti'^i ® Ci iii the tensor product C\^4 \ C|/C|, 



^ aj (mTOi) (g) 




\ i i I H \ i 

SO the equation a{m){mo i8> Co) = {rnmo) Co defines a bounded operator on H. It 
is straightforward to show that <t : Ai B{'H) is a unital *-homomorphism. 

To show that a is normal, let m\ — > be a descending net whose greatest lower 
bound is 0. The net a{m\) £ B{'H) is also a descending net of positive operators 
and therefore has a greatest lower bound x. In particular, a{m\) converges to x in 
the strong operator topology, and m\ converges to in the u'*-topology. For every 
vector of the form ( gH, 

SOT 

||a;(m(8)C)|P = ||( lim (T(mA))(m C) f = || lim (toa"?,) (g)Cf 

A— >oo A— >oo 

= lim ll(mAm) (8) CiP = 1™ {(\i^{mm\m)C,) — 

A— ^oo A— ^C30 

Since the span of vectors of the form m C is dense in "H, we conclude that x = 0, 
i.e., that a is normal. 

Finally, define f:/C— >?^byC'^'l®C- Straightforward calculation shows that 
V is a bounded linear operator. It docs the trick: For all m S and Coi Ci € IC, 

(Co|Ka(m)t;)Ci) = (1 Co|<7(m)(l ® Ci)) = (ColV'MCi). 

□ 



References 

[1] J. Baez and M. Stay, Physics, Topology, Logic and Computation: a Rosetta Stone, Lecture 

Notes in Physics 813 (2011), 95-174. 
[2] E. Bedos, S. Kaliszewski, and J. Quigg, Reflective- Coreflective Equivalence, axXiv:1012.4154 

(2010). 

[3] J. Dauns, Categorical W* -Tensor Product, Transations of the American Mathematical Soci- 
ety 166 (1972). 

[4] J. Dixmier, Von Neumann Algebras, translated by F. Jellett, North-Holland Mathematical 

Library, vol. 27, Elsevier, 1981. 
[5] E. G. Effros and Z. J. Ruan, Operator Spaces, Oxford University Press, 2000. 
[6] P. Glicz, R. Lima, and J. E. Roberts, W* -Categories, Pa<;ific Journal of Mathematics 120 

(1985), no. 1. 

[7] A. Guichardct, Sur la Categoric des Algeebres de Von Neumann, Bulletin des Sciences 

Mathematicques 90 (1966), 41-64. 
[8] U. Haagerup, The Standard Form of Von Neumann Algebras, Mathematica Scandinavica 37 

(1975), 271-283. 

[9] C. Heunen, N. P. Landman, and B. Spitters, A Topos {or Algebraic Quantum Theory, 
arXiv:0709.4364 (2007). 
[10] , Bohrification, arXiv;0909.3468 (2009). 

[11] S. Kochen and E. Spcckcr, The Problem of Hidden Variables in Quantum Mechanics, Journal 

of Mathematics and Mechanics 17 (1967), 59-87. 
[12] A. Kornell, Quantum Functions, arXiv: 1101. 1694 (2011). 

[13] K. Kraus, States, Effects and Operations: Fundamental Notions of Quantum Theory, 
Springer- Verlag, 1983. 



QUANTUM COLLECTIONS 



25 



[14] J. Lurie, Von Neumann Algebras (261y) (2011), available at 
|http : //www . m ath . harvard . edu/- lur ie/261y . html 

[15] S. MacLane, Categories for the Working Mathematician, Springer- Verlag, 1971. 

[16] S. MacLane and I. Moerdijk, Sheaves in Geometry and Logic, Springer, 1992. 

[17] W. L. Paschke, Inner Product Modules over B* -Algebras, Transactions of the Americal Math- 
ematical Society 182 (1973), 443-468. 

[18] G. K. Pedersen, C* -algebras and their Automorphism Groups, Academic Press, 1979. 

[19] , Analysis Now, Springer, 1988. 

[20] K. G. Schlesinger, Toward Quantum Mathematics. I. From Quantum Set Theory to Universal 
Quantum Mechanics, Journal of Mathematical Physics 40 (1999), no. 3. 

[21] I. E. Segal, Equivalence of Measure Spaces, American Journal of Mathematics 73 (1951), 
no. 2, 275-313. 

[22] P. M. Soltan, Quantum Families of Maps and Quantum Semigroups of Finite Quantum 
Spaces, arXiv:0610922 (2006). 

[23] W. F. Stinespring, Positive Functions on G*-algebras, Proceedings of the American Mathe- 
matical Society 6 (1955), no. 2. 

[24] M. Takesaki, Theory of Operator Algebras I, Springer, 1979. 

[25] D. Tambara, The Coendomorphism Bialgebra of an Algebra, Journal of the Faculty of Science 

of the University of Tokyo, Section lA, Mathematics 37 (1990), 425-456. 
[26] N. Weaver, Quantum Relations, arXiv: 1005.0354 (2010). 

Department of Mathematics, University of California, Berkeley, CA 94720-3840 
E-mail address: kornellSmath.berkeley.edu 



